Abstract. Parametric excitation can lead to instabilities as well as to an improved stability behavior, depending on whether a parametric resonance or anti-resonance is induced. In order to calculate the stability domains and boundaries, the method of averaging is applied. The problem is reformulated in state space representation, which allows a general handling of the averaging method especially for systems with non-symmetric system matrices. It is highlighted that this approach can enhance the first order approximation significantly. Two example systems are investigated: a generic mechanical system and a flexible rotor in journal bearings with adjustable geometry.
Introduction
Parametrically excited vibrations occur if one or more parameters of a mechanical system, for example stiffness or damping coefficients, are (mostly periodically) varying in time, independently of the system motion. A classic example is the pendulum with periodically moving support leading to the famous Mathieu equation. A parametrically excited system may exhibit a destabilising parametric resonance, see for example [3, 13] . In coupled systems of differential equations with time-periodic coefficients not only parametric resonances but also parametric anti-resonances may occur which induce an increased dissipation of vibration energy. The beneficial effect of a parametric antiresonance on self-excited vibration was discovered by Aleš Tondl in his pioneering works [14, 15] . This concept was transferred to general dynamic systems and interpret physically as an energy transfer between the vibration modes of the original system [6] , followed by and experimental validation for simple systems including a flexible rotor. A recent summary on this topic can be found in [7] . The stability of such systems can be studied analytically by applying perturbation techniques following the methodologies in [2, 12] . The present contribution revisits and translates the averaging method of first order, described bẏ
to a state-space representation which enables the extension to systems with non-symmetrical matrices and strongly damped vibration modes and applies the methodology to the systems investigated in [9, 11, 8] .
Procedure of Averaging
The equation of motion of a linear homogeneous mechanical system with N degrees of freedom can be written as
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with an invertible mass matrix M, a speed-proportional matrix B and a deflection-proportional matrix K. In general, the matrices B and K are not symmetrical (K K T and B B T ), which can be caused by gyroscopic forces, inner damping or journal bearings. Furthermore, B and K alter with the parametric excitation frequency Ω P = 2π/T P ,
and
The periodic matrices can be expanded into a Fourier series. Equation (2) then becomes
In this formulation, constant and varying parts are strictly separated on the left and right hand side. The factor ε is a small parameter. Formulating equation (4) in state space and transforming the system into modal space using left and right eigenvectors of the underlying system with constant coefficients,
Here, Λ is the diagonal matrix of the eigenvalues λ n of the underlying system with constant coefficients,
T are the modal coordinates and the matrices P + and P − arise due to the parametric excitation and couple the modal degrees of freedom. For the n-th degree of freedom, equation (6) can be written aṡ
Introducing the dimensionless time τ = Ω P t and allowing a small detuning ∆Ω P of the parametric excitation frequency,
the Taylor series expansion of equation (7) for small values of ε is given by
At this, λ n = λ n /Ω P0 is a dimensionless eigenvalue and the mark ′ denotes the derivative with respect to the dimensionless time τ. Making an ansatz of the type
which is equivalent to the approach of slowly changing phase and amplitude (see e. g. [2] ), and rescale the real parts of the eigenvalues,
leads to the standard form and the method of averaging for quasiperiodic systems as outlined in [12] can be applied:
Averaging the harmonic functions yields always zeros, unless the term becomes resonant. The terms of equation (12) and their resonance condition are given in table 1. Summarizing the last two terms leads to the parametric resonance frequencies at which parametric resonances and anti-resonances can occur,
Compared to the standard literature, e. g. [3, 13] , the imaginary parts of the eigenvalues decide on the parametric resonance frequencies, not the undamped eigenfrequencies.
summand resonance condition i ∆Ω ℑ{λ n } always Table 1 . Remaining terms (resonant terms) and their conditions after applying the method of averaging on equation (12) From now on, higher orders of the Fourier series are neglected, K = 1. A second order approximation in ε and a consideration of higher orders in k are discussed in [4] .
General case
If the parametric excitation frequency is not equal to a parametric resonance frequency, averaging of equation (12) yieldsû
with
Parametric resonances and anti-resonances
If the parametric excitation frequency is equal to a parametric resonance frequency or in other words, equation (13) is fulfilled for certain values of n =ñ and m =m, averaging of equation (12) yields
This simplified equation covers the cases for fundamental parametric resonance frequencies (1st kind) and parametric combination resonance frequencies (2nd kind). Table 2 lists the indices for the substitution ofn andm in equation (15) . If the resonance condition with the upper sign (column 3 in table 2) is fulfilled, the upper signs in exponent of the counter diagonal elements are valid. Analogous holds for the lower signs.
resonance frequency resonance conditionnm kind type Table 2 . Indices for equation (15) for the modesñ andm in dependence of kind and type of the parametric resonance frequency; +N denotes the complex conjugated eigenvalue Equation (15) is not valid in this simplified form if some eigenvalues have the same imaginary part as λn or λm. This is for example the case if purely real eigenvalues are existing. In this case, averaging of equation (12) leads to a larger matrix which is shown in [4] in more detail.
Stability investigation
In this section, the calculation of the stability of the averaged Systemû ′ = Aû (equation (14) respectively (15)) under the neglection of higher orders in ε is presented. If the parametric resonance frequencies are not close to each other, an interaction between them can be ruled out. In this case, it is sufficient to consider one parametric resonance frequency for the calculation of each stability domain, which is the common method in literature [12] . If two or more stability domains overlap then the isolated treatment of only one parametric resonance frequency is strictly no longer valid. The present investigation establishes an empiric approach which takes all involved parametric resonances into account.
No overlapping of parametric resonances
This subsection is, analogous to section 2, divided into a general case and into the case of parametric resonances and anti-resonances.
General case
Investigating the stability of equilibria of equation (14) yields one stability condition,
for all n = 1 . . . 2 N. This condition is also to find in every good book on structural dynamics [10] or systems theory.
Parametric resonances and anti-resonances
Investigating the stability of equilibria of equation (15) using the criteria from Routh and Hurwitz for complex matrices (see [1] ) yields the stability conditions
For the remaining modal degrees of freedom, n ñ,m, n+N,m+N, equation (16) has to be fulfilled for stability. Setting equation (18) equal to zero, critical values for ∆Ω P are calculated to
Herein, ∆Ω P,s defines the distance between the parametric resonance frequency and the skeleton line of the stability domain, also denoted as frequency shift (see e. g. [5] ), and ∆Ω P,w is the width of the stability domain. The parameters a 1 and a 0 are given by
This defines a domain of stability (respectively instability) which is given by
The given solution is only valid if the imaginary parts of all other eigenvalues λ n (n n, m) are not equal to ℑ{λ n } or ℑ{λ m }. For these cases an analytical solution is not found yet and have to be treated using numerical calculations.
Overlapping of parametric resonances
If parametric resonances and anti-resonances are close to each other, the way described in section 3.1 may lead to contradictory results, due to the isolated treatment of only one parametric resonance frequency. An empirical approach is proposed here based on the knowledge that the eigenvalues of the averaged systemû ′ = Aû at parametric excitation (equations (15)) differ from the eigenvalues λ of the system with constant coefficients (see [6] ). The interaction of R involved parametric resonance frequencies Ω r P0 (r = 1...R) is investigated. The eigenvalue of the averaged systemû ′ = Aû for the n-th modal degree of freedom and the r-th parametric resonance frequency Ω r P0 (see table 2 ) is calculated to
If the upper condition in equation (24) is fulfilled, the corresponding eigenvalue depends on the parametric excitation frequency, ρ 
can be interpret as a measure of additional damping (negative or positive) which is caused by the r-th parametric resonance frequency Ω r P0 . Summing these parameters over all r yieldsρ
The real part of the parameterρ n is used to evaluate the stability without a contradiction. For stability the real parts ofρ n need to be negative for all n = 1 . . . 2N.
Examples
The presented equations are applied on two exemplary mechanical systems which have been studied in literature.
Generic mechanical system
First of all, a generic system with two degrees of freedoms from [9] is investigated, it is shown in figure 1 . The system consists of two bodies that are connected by a spring with a time-periodic stiffness, k 2 (t) =k 2 (1+ε cos Ω P t). The damping constant b 1 is negative which has an destabilizing effect on the system. The physical properties are listed in [9] . Fig. 1 . Two degree of freedom system with stiffness excitation Figure 2 shows a stability map in dependence of the parametric excitation frequency Ω P / √ k 1 /m 1 and the variable system parameter Q 2 = k 2 m 1 /(k 1 m 2 ). The gray and white areas depict stable and unstable areas, they are computed by numerical calculation using Floquet theory and are used for comparison purposes. The black and and gray lines are the stability boundaries calculated with the method of averaging of the first order presented in [9] and the state space representation in equation (12) . The trivial equilibrium position of the system without parametric excitation is stable for 0.934 < Q < 0.964. An additional stability domain occurs due to a parametric anti-resonance at the parametric resonance frequency |ℑ{λ 2 } − ℑ{λ 1 }|. Figure 2 visualizes that the black lines and the stability boundaries from Floquet theory match very well. Comparing the results from the different approaches of the averaging method show that the formulation in state space enhances the first order approximation significantly and shows the same accuracy as the higher order approximation in [9] .
Floquet unstable stable Prediction of stability boundaries from formulation in simplified modal space [9] modal state space 
Flexible rotor in journal bearings
The second example is a flexible rotor in journal bearings with adjustable geometry, the problem is described in detail in [11, 8] . The aim of the proposed journal bearing is a suppression of an instability induced by the bearing (oil whip) which has to be avoided in any case. Figure 3 shows an example of a stability map. The system without parametric excitation is stable up to a rotational speed of Ω/ω 0 ≈ 2.4 which limits the permissible speed range. By exploiting a parametric anti-resonance (|ℑ{λ 3 }−ℑ{λ 1 }|/ω 0 ), the operation speed range is increased significantly. In this example, treating of one single parametric resonance frequency (chapter 3.1) causes a relatively large deviation in comparison to the results from Floquet theory. The reason for this is the interaction of several parametric resonance frequencies, especially a coupling with the strongly damped eigenvalue |λ 7 |.Taking them into account and applying the empirical method described in 3.2 (equation (26)) yields a better approximation which allows for engineering design optimisations.
Conclusions
In this paper, the method of averaging was applied on linear parametrically excited systems. It was shown that the formulation in state space implicates several advantages: an improved approximation as well as an enhanced handling of the averaging method. An experimental validation for the suppression of bearing induced instabilities using parametric anti-resonances is in progress. 3 . Stability map for a rotor system in journal bearings with adjustable geometry (see also [11] and [8] )
